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INTEGRABLE CASES OF THE HAMILTON-JACOBI EQUATIONS
AND DYNAMIC SYSTEMS REDUCIBLE TO CANONICAL FORM®

A.A. BEKOV

Novel integrable cases of the Hamilton-Jacobi (HJ) equations are obtained.
A method of reducing a class of non-autonomous dynamic systems to
canonical form is given, and cases of their integrability are indicated.
Comparison theorems are presented enabling the integrability of a dynamic
system to be determined by observing the form of its Hamiltonian. The
case of two bodies of variable mass in a resisting and gravitating medium
are studied as an example.

1. The integration of canonical equations of motion is reduced to finding the complete
integral of the corresponding HJ equation. The most interesting cases from the point of view
of practical applications are the cases of integrability of the HJ, Liouville and Stickel equations
/1/ and their generalizations /2/. We shall establish new cases of integrability of the HJ
equation of the form

ki3 n
1 W am (v av
P+—2-§ £+ § Fpi—U=0 (p=—75, pi= '7%) (1.1
=1

(£ 1
which generalize the result obtained by Yarov-Yarovoi /2/ and include the cases of integrability
of Demin /3/, Liouville and Stackel /1/.
Theorem 1.,1. If the Hamiltonian is given by the formula

4 n { ¥ am P
Ly Nt N, BN )
H= 2 b 2 a; {(g;) (i{,L ;@; aq; ) (1 2}

i=1
K

Y@=+ Y Uia@) + Do)

p=
n n
1 R
b=\ bi(a) ®3=72®e;(€n) G=1,2,..., k) (1.3)
=1 i=:1
=g —cy (=1,2,..,F<n) €1.4)
where a;, by, U;, @y, ®;; are arbitrary continuous functions and ¢; % 0, b 0 and O, are

differentiable functions of the variables ¢i v, 0; @; are continucus functions of time and ¢y
are arbitrary constants, then the HJ equation has a complete integral
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V——Z(p, —S oy + oar + W (1.5)

j=1
k

W= é S[Zai (Ui + hb; — 2 cDy; + ai) ]I/’ dg; (1.6)
=1

j=1

where h and «; are arbitrary constants and
a, t+a,+...+a, =0 1.7)

Proof. We will seek a solution of the equation

n , F
Tl (- S - o] - Bomrons =0

i=1 =1 =1

in the form (1.5) where W is an unknown functions of ¢q;, ¢y ..., gs. By virtue of (1.3), (1.4)
we arrive at the equation

n

%
1 oW \2 2

Z[-z—a—"( aqi ) —U,-i— C]'(Dij—hbi]zo

- =

i=1

which has the solution (1.6) where the constants a; satisfy condition (1.7). It remains to
confirm the condition

Det || 82V/dq,005 || # O (1.8)

We have

821 H k 6CDJ- -1 0
Det” T “=” “’( t—Z‘Pqu;) i

=1

since the functions ¢; and 0®;/0q; are continuous and according to the condition a; =0, b=
0, which completes the proof.

Corollaries. 1°. 1If ;=0(G=12,...,I<k) in (1.4), i.e. 0;=¢"; and D;(g) are
arbitrary continuous functions, then the summation over j in (1.6) is carried out from j=
l+4+1 to j==kE.

2°. If all ¢; =0, then @, =0, D, =D, ®; =0( =2,..., k) yields the integrable case
of /4/.

3°. putting in (1.2) all ®; = 0, we obtain the integrable case of /2/, and assuming also
that y == const and @, = 0, we arrive at Liouville's theorem /1/.

Theorem 1.2. Let nr(rn 4 1) functions ¢;;(g;) and U;(g:) (i,j =1,2,...,n) be given, for
which the determinant A =] ¢;;{(¢:)lls£ 0, as well as the continuous differentiable functions
D (91,920 - - - 8) (=1,2,..., k) and continuous function of time ¥, ¢; 0; @ (j =1, 2,...,k).

Then, provided that the Hamiltonian is given by the formula

YZ[ (Pt Z(PJ aq _Aibi]—‘ (1.9)
Zo, j—yZlAiUH-(Do

i=1

1 i=12,...,n
A;-Ta% 5 ZA(D.,((L (],_1’2,””k> (1.10)

=¢; —e¢;y (G=4,2,...,k<n) (1.11)

and every coefficient a;, b;, ®;; depends only on the corresponding ¢; and a; %= 0, the HJ
equation has a complete integral of the form (1.5), where

W= ZS[ai (bi 2U; -+ 2k — 2 Zc, i+ Z a,rp,,”l/' dg; (1.12)
t=1 Jj=2
(h, 2tgy . . ., &y are arbitrary constants).

Proof. We will seek a solution of the corresponding equation in the form (1.5). Taking
into account (1.10) and (1.11) and using the identity



552

b=
]

wa obtain the equation

I3

Z [E{_ 11_%;7.:)3—»@3*—2Ui ’5-22cj®ij-—2hcpu]=0

Fe=1

whose solution is (1.12), It remains to confirm condition {1.8), Here we will assume that
@, = h. For the solution V obtained we have

Det 7 a =A.2 Hal : Z(p‘, 6@1) =0
i=af =1

Corollaries. 1°, If e¢;=0( =1,2,...,1<Ck) in (1.11), i.e. =07 =1,2,...,10
and ©;{g)(f=1,2,..., 1) are arpitrary continuous functions, then the summation over j in
the first sum of (1.12) is carried out from j=1-4+1 to j=1L.

29, If all ¢;=0, then®, =0,®, =0, ®; =0(=2,3,...,k)1leads to the integrable
case of /4/,

3°, If ®;=0( =1,2,...,k in (1.9), then we have the integrable case of /2/. Putting
=10, =0(=2,3,...,khe;=00=1,2, ...k, Py=0, y =const we arrive at the theorem
due to Demin /3/ which generalizes the Stdckel and Moiseyev theorems /5/. The integrable
case of Stidckel /1/ corresponds to ®;=0( =0,1,..., k), b; =0, y = const, @; = const in

formula (1.9).
2. Let the motion of a system with n degrees of freedom be described by the equations

= §H/ép;, p;" = —0H/dq; + vp; .10

(2.2)

where v (i}_. is a given function of time and gi", K, U are functions of the coordinates and time,
and det]] g7]l % 0. Here and henceforth the index { will take the values 1,2,...,n unless

indicated otherwise.
The differential equations of a number of problems of mechanics can be reduced to the

form {(2.1). These include, in particular, systems with dissipative forces, some problems of
the mechanics of controlled motion, the mechanics of bodies with variable mass and composition
in the presence of reactive forces, etc. /6-8/.

Lemma 2.1. Using the substitution

pi =Py (1), b (0) = exp ({ vdi) 2.3)
we reduce system {2.1) with Hamiltonian {(2.2) to the form

= §H*[dp*, p;* = —3H*/dy; (2.4)
H* (t, q, p*) =7 H (&, . p (P*)) (2.5)

Proof. Substituting (2.3) into (2.1) we obtain
¢, = 8H[op, pf =—VYtoHog, 2.6)

Using (2.5) we obtain from (2.2}
‘X“‘w-—‘kz AgpXEpF ’!‘ZEP g ¢ = aq 2.7
s =1

where 4i;{, g, Bi{t,q), C{t,¢9) are the corresponding derivatives of the coefficients of the
Hamiltonian (2.2) with respect to the coordinates g¢;.
Let us consider the first group of equations in (2.6). Using (2.5) we obtain

aH* \b . oH
= Z gipp = g 28)
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which proves the lemma.
According to Lemma 2.1 a system of the form (2.1) can be reduced to canonical form by
substituting the moments (2.3). As a result, the Hamiltonian H* has the following structure:

H"‘=—; Z g*ipAp ¢ L Z h¥p* —U* (2.9
=1 =1
g*ij — ‘lpg"j' R¥ ]z", U* =y U (2. 10)

and det || g*¥| == 0.
Let the canonical system (CS) (2.4) be integrable. Then by virtue of (2.3), (2.10) we
can determine in which cases the dynamic systems of the form (2.1) are integrable.

Theorem 2.1. 1If the CS (2.4) with the Hamiltonian H* (2.9) is integrable, then so is the
system (2.1) with the Hamiltonian H whose coefficients g, Rk, U are given by the formulas
(2.10), and the general solution of system (2.1) has the form

aV/da, = B;, pi = pAVIdg, (2.11)

where V (£, ¢5, @5y - - -5 Gny %4y « - ., %) is the complete integral of the HJ equation of the reduced CS
(2.4) and a; f; are arbitrary constants.

Thoerem 2.2. Let the CS (2.4) be autonomous and integrable. Then the non-autonomous
system (2.1) will also be integrable, provided that the coefficients g",h’, U and the
Hamiltonian H have the form

gI=v1(t)g* (g), h'=h*(@), U=v@)U*() (2.12)
and the general solution of the system (2.1) has the form
oV/da; = p;, p; =$oV/idq;, V = —oyt + W (q, @) (2.13)

where V (¢,q,a) is the complete integral of the HJ equation of the autonomous CS (2.4).

The proofs of the theorems 2.1 and 2.2 follow from the fact that systems of the form (2.1)
can be reduced, in accordance with Lemma 2.1, to canonical form.

Let the structure of the Hamiltonian H be such that k' = 0. Then the following theorem
holds for systems (2.1).

Theorem 2.3, Let the CS

g, = 0Hldp;, p; = —AdH/dq; (2.14)
1 n y
fi=1
be integrable. Then the system
¢ = 0Hy/ops, pi’ = —0H,og; + vp; (2.16)
1 u s -
H=-= ) g'pp,—v)U (2.47)

%, j=1
will also be integrable provided that the following relation holds:
v = v/(2y) (2.18)
Proof. Let the HJ equation of the system (2.14)

n
1 i , / as as
-__),Zgjpfpi_UTP:o (P:—‘at—, pi:é_) (2.19)

K q4
i, j=1 t

be integrable by the method of separation of variables and have the complete integral S =375,
(t, @) + W (g, @). According to Lemma 2.1 system (2.16) can be reduced to canonical form and the
corresponding HJ equation has the form

1 % ii (S ! av av
T e = F U0 (P pt = )

e 9,
1, j=1

(2.20)

If condition (2.18) holds then, by virtue of the integrability of Eq.(2.19), Eq.(2.20)
whose complete integral is
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v={yy Zra+ W a (2.21)

is also integrable, and the general solution of system (2.16) has the form
Vida; = By, p; = YV YOWIdg, (2.22)

Corcllary. 1If system (2.14) is autonomous: gi=1g"%(g), U=U{g), H=h = const and
integrable, and the complete integral § = —ht 4+ W (g, h, @), then the non-autonomous system
(2.16) is also integrable and the complete integral

Ve—n V¥ d+wgha

The converse theorem can also be proved.

Theorem 2.4. Let system (2.16) with the Hamiltonian (2.15) be integrable. The the CS
{2.14) with the Hamiltonian (2.17) where the quantity ¢ is replaced by i/ is also in-
tegrable, provided that the following relation holds:

y=exp (2§ vat) (2.23)

Proof. According to Lemma 2.1 system (2.16) can be reduced to canonical form (2.4). Let
the corresponding HJ equation

R id 8V
- 2 gp*ps* — VU + p*=0 (p* ey P = 73?} (2.24)

i, j=1

be integrable using the method of separation of variables, and possess the complete integral
V =V, (¢ o) + W (g, @). The HT equation for CS (2.14) has the form

1N ! 1 as _ a8
TZg;Pin"TU+P::O ( == Pi——g> (2.25)

i, j=1

Let condition {2.23) hold., Then, since Eqg.{2.24) is integrable, so is Eq.(2.25) whose
complete integral is

SmSexp<— \ vdt)—g—;idt 4+ W (g, a)

The general solution of system (2,16} has the form
oV e =By, pi—exp|(§vat) oW /g,

and the general solution of CS (2.14) is
(35/60&1 = ﬁg, P = 5W/(9q5

Corollary. If system (2,16) can be reduced to the autonomous form gt = g (q), U* =
U'* (g), H* = h = const, is integrable and the complete integral V = —ht 4- W (g, @), then system
(2.14) is integrable and the complete integral

S=—h{exp(—={vat)at + Wig o)

Theorems 2.3 and 2.4 enable us to compare the canonical systems with systems reducible
to canonical form and determine thelr integrability from the form of the Hamiltonian. The
theorems on integrability of the systems which can be reduced to canonical form given above,
and the comparison theorems, together provide the basis for separating out the classes of
autonomous and non-autonomous integrable systems determined by the coefficients gi’, K, U of
the Hamiltonian functions and the relations (2.10) connecting them.

3. Let us consider non-autonomous dynamic systems of the form (2.1) of the Liouville
and St3ckel type., Let the Hamiltonian of system (2.1) have the form

n kK k n
H=%Z—;—(z}w—;w ij)z—;;o;@;——}j—;vima @1

i=1
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where the notation of (1.2) is used. Then the Hamiltonian of the reduced CS (2.4) will have
the form

*

=1 =1 j=1 =1

Returning now to the results of Theorem 1.1 we shall point out cases when systems (2.1)
with the Hamiltonian (3.1) are integrable,

Theorem 3.1. If the following conditions hold for the system (2.1) with the Hamiltonian

(3.1):
B o P S B (PR TR B
bmi—;‘bu(ql), V=, o;—w;w(lnﬁ) es¥ 3.3)
(j=1121-"1k)

then system (2,1) is integrable and its general solution has the form

oVida,' = By, pi =V y0Vlidg; (3.4)

where «;, P; denote 2rn arbitrary constants and

V= S(h]/v +]/ )dt—I—ZS[%l(U 4 hb; _Zcm,,+a,)] dq,-[-z (3.5)

=1 j=1 J—l

is the complete integral of the reduced CS with the Hamiltonian (3.2), and

o, =h, o =a; ((=2,3,...,n),0,=— (@t o3+ ... -+ o) (3.6)
Theorem 3.2. Let the following conditions hold for system (2.1) and the Hamiltonian
(3.1):
) d P s
‘V:W, ojchjw(ln]/;) Gi=12,...,k) (3.7)

Then system (2.1) will be integrable, its general solution will have the form (3.4) and
the complete integral of the reduced CS with the Hamiltonian (3.2) will have the form (3.5)
where all ¢;=0(j =1,2,...,%k) and relations (3.6) also hold.

The proof of the theorems follows from Lemma 2.1 and Theorem 1.1.

Let the Hamiltonian of system (2.1) have the form

1 T A, L o2
H:TZ["E:‘ (P&-Z(P;Wj) — v ] — ZOJ j""YZAU + @y (3.8)
i=1 =1 i=1
where the notation of (1.9) is used. Then the Hamiltonian of the reduced CS will be equal to
Y I R STAEE TS LR ST
2 i=1 % b =1 v aqi lp j=1 ¥ !

The following theorems hold for systems (2.1) with the Hamiltonian (3.8).

Theorem 3.3. Let system (2.1) have a Hagiltonian H of the form (3.8). Then, provided
that the conditions

" .
% : d [, @

@, =L A®is(as), v= —2%,—, ;=i g (lﬂ]/—vl) — (3.10)
i=1

(=12 ....k)

hold, system (2.1) will be integrable and its general solution will have the form

avVido, = By, p, = VvyoVidg, o, =h (3.11)
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V=—S(hV?+§%)dt+Z"S[ai(bi+2ui+2hq>u— (3.12)
i=1

2 2 cj®ys - i “ﬂ‘i;)]% dg; + i% D;
- =1

i=1 e

is the complete integral of the reduced CS with the Hamiltonian (3.9).

Theorem 3.4. Let system {(2.1) have a Hamiltonian H of the form (3.8). Then, provided
that conditions (3.7) hold, system (2,1) will be integrable, its general scolution will have
the form (3.11) and the complete integral of the reduced CS with the Hamiltonian (3,9) will
have the form (3.12) where all ¢;=0(=1,2,...,k)

The proofs of the theorems follow from Lemma 2.1 and Theorem 1.2,

4, Examples, 1°., We shall illustrate the general method of reduction to canonical form
and integration of dynamic systems by considering the problem of two bodies (material points)
of variable mass, which may find application in celestial mechanics /9/. The bodies attract
each other in accordance with Newton's Law and are situated within a gaseous or dust cloud
exerting additional "frictional" forces and Hooke's elastic force. The equations of motion
have the form

= (v (N S x(Or, w(O)=GM() (4.1)

where G is the gravitational constant, M (:) is the mass of the two bodies, v, » are continuous
functions of time characterizing the background, and r is the radius vector of the motion of
one material point relative to the other. Using the spherical coordinates r, 9,4 we can write
the equations of motion (4.1} in the form (2.1}, using the results of Lemma 2.1. The correspond-
ing HJ equation will have the form

Por/avae 1Ay 1 (_m_’z 0 % av
T“ 0r>+-r—2(-6'ff“)+r“cos"’(p 6k>]'“717;'“ﬁﬂ+7=0 (4.2)
Let the conditions
R = g, wET =%, v o /(2 %.3)
hold, Then Eq.{4.2) can be integrated and its complete integral will have the form
(L)t"’d[ [2(&‘1. Ko g _022_ 9 ]’/’d 4.4
=—myi + 3 r)- 5+ 20 r+ (4.4)
o 1Y
S[a;——c;é%'a] zdcp—i—ocsh
where o, o, @; are arbitrary constants, The general solution of problem (4.1) will be given

by formulas of the form (2,11},
We note that problem {4,1} is integrable when the potential is of a more general type

D
@ {q) ) } (@5)

Ui g =) [£ )+ o + o

where f(), ®(g), ® () are arbitrary differential functions. Carrying out the same arguments
for problem (4,1) with the potential (4,5), we obtain the complete integral V of the correspond-
ing HJ equation

L a,S (-}%)5" at - S [2;;0; (ry — 3:;— + 2%]"!’@— + (4.6)

g ¥,
Q [“2’ — 2 () — —casz—@‘} “dg+ S [ot5® — 2p0® (M)}2dh

The general solution of the problem will be given by formulas (2,11) where the complete
integral V has the form (4.6). The solution obtained generalizes the results of /9/ to the
case of a potential of general type (4.5) for a gravitating and resisting medium.

2°, Let us consider the motion of a passively gravitating point in a gravitational field
of two bodies M, () and M, of variable mass, moving along a straight line passing through
the centres of mass. We take into account the influence of the gravitating medium generating
additional forces acting on the material point, analogous to “frictional™ forces, and Hooke's
elastic force., The motion of the attracting bodies themselves is determined by the Gil'den-
Meshcherskii problem which has linear solutions /10/. Let the masses M, and M; vary with time



according to the same law,

The equations of motion of a point in a rectangular system of coordinates with origin at
the centre of mass of M, and M, and =z axis collinear with the line of motion of bodies with
finite masses, will be written in the form

r’=grad U -}- vr' 4 fpr (4.7)

where r is the radius vector of the point, «~(f), B(#) are continuous functions determining the
parameters of the gravitating medium, the potential has the form

U=/n+ mfry, pi=6M; () (1=1,2)
and r,ry are the distances between the material point and the attracting bodies.

Using the notation of /4/, we shall write Eqs.(4.7) in the form (2.16) where i=1,2,3,
and the Hamiltonian has the form

2 A rire ov 2
= s (-0 [ ]

rig’riz Ov 12 1 1
(- [p“— % Tn] +(W+1_—qz)pw2}—
r? 9 (1 M2) A — (B — o) M Bris?
R Tz (A2 = 1P) L
A2 4 2 k21
v= _2'_ -+ Ak - )
and the coordinates i,m,w are regarded as generalized coordinates g¢;(i =1,2,3).

According to Lemma 2,1 system (2.16) can be reduced to the canonical form
9, = dH*/api*i l)i*. = aH*/aqi (i=1,2,3 (4.8)
H* (t, g, p*) =V'H (¢, ¢, p (P*)

Let the following conditions hold:

N ; Tt .
q:n_}npr_u_, L:;ZLZ o 11;:2‘ =C¢ =12 (49
re® (r’” —vre — Br)/(BYR) =C; € =0, k=0, C+0, k=0

The Gil'den-Meshcherskii problem determining the motion of the bodies M, and M, admits

of the following linear solutions /10/:

rie = Plho, Ao’ = —po/by, boF0, b= (4.10)
fe = 360w, by 2= 0; ¢ = sz dt

Assuming p(#) to be given, we can determine the function v (), B(8, 9 (1), v (), according
to /10/, from the conditions of integrability of (4.9), taking (4.10) into account, As a
result we obtain for b =0

re=pThe, v=0, §=1/Co (4.11)

B =(bo—8CCIAB M, @ =—1y )/ Cohyup=
and for b, 50

ria = (36:0) e, v =020, b = AJC, (B01) (4.12)
B = (=2 -+ by — BCCyMAg™) (9,7 pdl~? - vp'p?
¢ =4 ¥/ Co (21— 8biE] A

Formulas (4.11) and (4.12) determine two classes of solutions of the bounded linear
problem of three bodies of variable mass, taking into account the gravitating and resistive
medium.

The complete integral of the HJ equation of the CS (4.8) has the form

Q. _
V:qw—hS "i’ dl—}—S '{2_(1) dh-]—S ‘{Q_i;}) dan -+ aw

(4 h+4C
Qi<*>=<“—“[——z—“>‘r + A’+(Cltcz>x+az]_aaz

and C=0 when k=0;C=0,(,=C, when k=0;h,a, a; are arbitrary constants, The functions
@, rig are given by the formulas (4.11) or (4.12).
The general solution of the problem has the form (§; are arbitrary constants)

V/da; = Bi, pi=Ww()0V/og ((=1,2,3), a=nh
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Problem (4,7) was studied for the case when v=0,p=0 in /4, 11/. A spatial-temporal
transformation method was used in /11/ to show that the problem can be solved when the mass
w0 varies according to the first Meshcherskii law, and in the case of the generalized
Meshcherskii law it has a solution when the masses are equal to each other p, =y, A solution
of the problem was obtained in /4/ using the Jacobi method for the case when the mass change
obeys the first Meshcherskii law.

We shall now state the following, more general result. Assuming that the functions
n (), ra () are given, we obtain from the conditions of integrability (4.9) the expressions

v {t) = s (ra'frie + w7 /0) (4.13)
B (1) = riz"frie — Yo (rig’frie + W) T2’ /ri2 — Sccalp/ffz

and in (4.,13) ¢ =0 when k0. This implies that the equations of motion (4.7) can be
integrated for any specified, continuously differentiable functions u(f), ng(t) which do not
vanish within the time interval in question, provided that v (), () can be found from formulas
(4.13).
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